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A Comparison of Discrete Models of DC-DC
Converters

Milovan Kovacevié¢

Abstract — In this paper, a comparison of three discrete
models of DC-DC converters is presented. The methods
considered are forward Euler, backward Euler, and
trapezoidal rule. Results obtained from continuous model,
based on averaging and linearization, and from discrete
models are compared. It is shown that behavior of Euler-
based discrete models may differ significantly from behavior
of continuous model based on averaging and linearization.
Trapezoidal-based discrete model and continuous model
exhibit almost identical behavior at lower frequencies.

Keywords — averaging, converter, discretization, model,
linearization, pole position, transfer function.

L

HE TOPIC of this paper is a comparison of discrete

models of DC-DC converters. These models are based
on forward Euler, backward Euler, and trapezoidal rule.
All results are based on analysis of buck converter,
presented in Fig. 1, although the results may be
generalized to other types of DC-DC converters.
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Fig. 1. Electrical circuit of the buck converter.

In this paper, discrete models derived using forward
Euler, backward Euler and trapezoidal rules are
considered. Their step responses are compared to step
response of the continuous model based on averaging and
linearization. Also, pole position errors introduced by
discretization, as well as basic features of discretization
methods, are analyzed and compared for Euler and
trapezoidal rules.

II. AVERAGING AND LINEARIZATION

Buck converter in Fig. 1 consists of switching network
(switch S and diode D) and the output low pass LC filter.
Let us assume that DC-DC converter operates in the
continuous conduction mode (CCM). Switches considered
are ideal and nondisipative. Switch S produces rectangular
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voltage waveform of duty-ratio D on the input of the low
pass filter. The filter removes AC components produces
average DC output voltage

=DV, (D

where (v, ) represents averaged value of v, within one

Vour ® (Vx >TS

switching period 7.

Value of the output DC component is directly
proportional to the value of duty ratio D. The switch
operation is presented in Fig. 2.
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Fig. 2. Switch output voltage vx(?) (blue) and its average DC value on the
output of the low pass filter(red) for D=0.5.

In equilibrium, the capacitor current i- obeys the
ampere-second (As) balance [1] within one switching
period

(icdg, =0 2
Similarly, the inductor voltage v; obeys the voltage-second
balance [1] within one switching period
Vg, =0. 3)
Otherwise, the converter is not in equilibrium. The
average capacitor voltage and the inductor current are
obtained as
=DV 4)

(Ve >T5 =Vour >TS
and

Toyr + <VOUT>TS :

(g = ®)

Equations which define the behavior of inductor,
capacitor, and resistor remain the same after averaging

i)\ d,
<VL>TS —<LE>TS _Ldt <lL>TS > (6)
iy —ole _cod
<lC>TS —C< dt >TS Cdl <vC>TS > 7
and
<VR>TS :<V0UT>TS :R<iR>TS' (3

For the switch S and the diode D, however, the
equations are simplified by averaging operator



<VD>TS =DVy )
<iD>TS = (I_D)<iL>TS
and
(ve)y, =(1=D)Vpy
i)y, = D{i )y,
Values of voltage and current on the input of the
switching network are 7, and D(i,); , and on its output

(10)

DV,and (i) , respectively. Nonlinear, time-variant

switching network after averaging becomes linear, time-
invariant two-port element, the ideal transformer. This fact
greatly simplifies analysis of DC-DC converters. In Fig. 3,
the averaged circuit of buck converter is presented.
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Fig. 3. Averaged circuit of buck converter.

However, input voltage vy, output current ipyr, and
control variable d may not be constants

v () = Vv, +V (1) n
lour (1) = Iourﬂ + fOUT (1) (12)
d(t)=D, +d(1) (13)

where v, (7), four (t) and d (¢) represent variable parts of
viv, lour, and d, respectively. According to (11) and (13),
input voltage transferred to the secondary side of the ideal
transformer may be presented as

d(t)vy (1) = Dy, + Dybyy (1)

. n 4)
+Vy, d @)+, (0)d(1) .

(1

Usually, the term v, (t)a? (t) is much smaller than the
other terms in this sum, and may be neglected, because

Vi () <<V, » and d (t) << D, . Effectively, linearization

is introduced into already averaged circuit and further
simplifies analysis - converter may now be analyzed in s-
domain.

In Fig. 4, averaged and linearized circuit in s-domain is

presented. Without any loss of generality, factors DyV,,

and /,,; may be excluded from further analysis [1]. They

have no effect on model’s dynamics, only on the position
of the bias point.

According to (12), (14), and Fig. 4, there are three
independent sources: input voltage, control and output
current. Also, there is one output signal, output voltage.
Therefore, three transfer functions may be obtained:
control — to — output voltage transfer function

Vi
Vour ()
Geyor (8) = O;(T = ILC 1 (15)
D N L
CR,ur LC
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input voltage — to — output voltage transfer function

Dy
Vour (s
Gyaor (s) = our (5) = ILC 1 (16)
VIN (S) S2 + sS4+ —
CR,,; LC
and output current — to — output voltage transfer function
1
—s
Vour (s
Gocaor (8) = .OUT( ) == 1 1 (17)
lour ($) 2+ S
CR,,; LC
Y'Y YN
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Fig. 4. Buck converter model based on averaging and linearization.

Constant sources DOVINO and [ our, are excluded - they have no effect

on converter’s dynamics.

These transfer functions are very similar - (15) and (16)
are the same equation with different multiplicative factor,
while (17) is their first derivative. Therefore, further
analysis in this paper considers (15) only.

Let us define coefficients

a= ! (18)
CROUT
1
b=— 19
IC (19)
and normalize (15) with ¥,/
Geaor ()
ooy (8) == (20
VINO
so we may write (15) in more compact form
b
gczoz/(s)zz—' 21
s +as+b

III. ANALYSIS OF EFFECTS OF DISCRETIZATION
In time domain, the first derivative is equivalent to
multiplication with complex variable s in s-domain
dx(t)
dr
where X(s)=L{x(¢)} . For sufficiently small time step

— sX(s) (22)

At, the first derivative may be approximated with finite
difference

dx(t) _ Ax(t)

S(x,0)= = (23)

>

At
which gives

Ax(t) ~ At £ (x,1) . (24)



For discrete time domain, three simple variations of (24)
may be obtained [2]

x(n+1)=x(n)+T; f(x,n) (25)
x(n+1)=x(n)+Tf(x,n+1) (26)

and
x(n+1) = x(ny+ 7, LEDESContD =g,

2

Equations (25), (26), and (27) represent forward Euler,
backward Euler, and trapezoidal rule for numerical
integration. It may be shown that these rules are equivalent
to approximations of complex variable s [3]

s~ il e i, (28)
N
-z 4
s = &z =1-s5T; (29)
N
and
Sziz—l z1+sTS/2 (30)
Ty z+1 1-sTg/2

respectively, where T is discretization/switching period.

By substituting (28), (29) and (30) in (21), three
approximations of discrete transfer function are obtained:

bT;
= 31
i) = e T - +oT Gh
bT;z*
' = 32
&2 (2) (z=1*—aTz(z=1)+bT: 2’ (32)
and
T2
bTS(zH)2
gvdS(Z): 2 (33)

(z-1) M%(z2 —1)+b%(z+1)2
Approximations (28), (29) and (30) predict different
positions of zeros and poles of discrete transfer function.
Variations of pole predictions are small. However, it does
not guarantee small variations in dynamic behavior of
discrete model.
In Fig. 5 and Fig. 6, step responses of normalized
continuous system and its discrete approximations are
presented. For Fig. 5, circuit parameters are L =100 puH ,

C=1mF,R=2Q,and T, =10 ps, thus giving values of

model parameters a =10° and b =10". For Fig. 4, circuit
parameters are the same except for R =10 Q, which gives

a=10%. d(t) = 0.5h(t).

Inductance L and capacitance C define corner frequency
of converter’s output filter

/o 1
P arJLe

Switching frequency fs is needed to be at least 6-7 times
greater than the corner frequency of the output filter [4]. In
this example, f; =100 kHz, and this “rule of thumb” is

more than satisfied.
In Fig. 5 difference between step responses of discrete
models is small, but visible. Models exhibit the same

=503.3 Hz. (34
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decaying oscillatory behavior, but with different damping
factor.

Time [ms]

Fig. 5. Step responses of continuous model (black,
(green) models of buck converter for R =2Q.

Time [ms]

Fig. 6. Step responses of continuous model (black, --) and discrete
(green) models of buck converter for R =10Q.



Trapezoidal rule based model exhibits almost identical
response as the continuous model, and accurately predicts
the damping factor.

In Fig. 6, however, it may be observed that difference is
more critical. Euler forward rule based model is boundary
stable, while Euler backward rule gives inaccurate
prediction for the damping factor. For R —> oo, Euler
backward rule based model still shows stable operation of
the converter, while in reality it may be unstable or
boundary stable. And again, trapezoidal rule gives almost
the same prediction of system behavior as the continuous
model.

To find an explanation, let us calculate the poles and
their modules for Euler and trapezoidal approximations

2,0em| =10.9995 £ j0.0316] =1, (35)
|26 | =10.9985 + j0.0316] = 0.9990 , (36)

and
|2, =10.9990 + j0.0316] = 0.9995 . (37)

Forward Euler rule predicts pole placement on unit
circle for Fig. 4. Backward Euler rule predicts lower
damping factor than trapezoidal rule. Pole positions of
continuous model transferred into z-domain via step-
invariant transform [4] are

Zep =€ =0.9990+ j0.0316.. (38)

It may be observed that predictions of step-invariant
transform and trapezoidal rule are identical for lower
frequencies.

Let us derive magnitude of pole position error

introduced by Euler rules and trapezoidal rule utilizing
second order Taylor series

) s T,
zp:e‘\”TS =l+s,T; + pzS +.y 39)
22
) s T,
z;l = =1-s,T; + p25 —s (40)
and
s T, s T.)*
eSTS/z 1+ 1725 +( IJSS)
z, = = . (41)
P e—:Ts/2 1_Sst N (SpTS)2 j
5 tTg -

Substituting (28) and (29) in (39) and (40) with z==z

error magnitude of pole position for Euler rules is obtained

p?

: s T )
errory, = |e“”TS _(l+5stg)| = % , (42)
and
s s T )
errory, :|e s —(l—spTSE)| = % . (43)

for 5,7y <<1. Magnitude of error introduced by both

rules is of the same order. Magnitude of the error
introduced by trapezoidal rule is obtained by balancing
(41) with (30)
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s T s T

errory =" (1= 20— A=) (44)
2 (SpTST)3

error, = —|—2 > " 45

Y I (43)

Clearly, the error introduced by trapezoidal rule is much
smaller than that introduced by Euler methods.

For fixed error magnitude, switching frequency for
Euler rules may be found as a function of trapezoidal rule
switching frequency. For f, =503.3 Hz and T =10 ps

error introduced by trapezoidal rule is

2|@7f,Ty)’

error; == =2.6354-107°. (46)

If error, =error, , switching frequency for Euler rules is

+/2error;
Ty =———=726ns.
2z f,

In this case, switching frequency for Euler rules has to
be more than 10 times higher than switching frequency for
trapezoidal rule for the same error magnitude. Clearly, the
model of DC-DC converter based on trapezoidal rule is
superior to models based on Euler rules.

obtained
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IV. CONCLUSION

Derivation and analysis of discrete transfer function of
DC-DC converters using Euler forward, Euler backward
and trapezoidal rule is presented in this paper. It is shown
that pole position error, introduced by discretization based
on Euler rules, may have a large effect on prediction of the
system behavior. Trapezoidal rule is superior to both Euler
rules — it correctly predicts the system behavior and
position of poles of discrete system at lower frequencies. It
may have a significant effect on compensator design for
DC-DC converter.
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