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Measurement error estimation of light spot
position on a quadrant photodiode

Z. P. Barbaid', A. S. Marir&i¢?, L. M. Manojlovié®

Abstract: New closed form expressions for estimating the
errors of displacement signal and light spot positin, for

the position-sensitive detector (PSD) with quadrant
photodiode (QPD), is presented. Both errors increas
towards the limits of the measurement span, but therror a
of spot position is changing faster.

Keywords: Position-sensitive detector, Quadrant
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I INTRODUCTION

_ Theory of tracking accuracy of laser systemsgig 1. Geometry of the light spot position on tR&®D
including analyses of angular measurement spare ang, rface.

estimation bias, and angle estimation variancgiién  pjsplacement signal depends on the shape of spit an
in [1]. Positioning resolution of PSD in highjradiance distribution on the photodiode surfadg.simple
background illumination is presented in [2]. In WOt geometrical calculations, displacement signal ire tX
papers it is proved that signal-to-noise ratio ($NRyjrection, for uniform irradiance distribution andrcular
limits accuracy of positioning in PSD with QPD. Theshape of the spot, is obtained in the form:

probability density function of the displacemergreil >
in PSD with QPD, for uncorrelated Gaussian noise _2|X / _X X
between quadrant’'s currents, is given in [Bi.this Ex Tl 1 r_z +aI’CSII{—j ’ |X|S r. ©)

paper displacement signal, variance of displacement
signal, error of displacement signal and positiorore The displacement signal given in Eq. (2) is a rioedr
for PSD with QPD are investigated. The error ofunction ofx/r and requires thak |<r, anda=2r.
displacement signal using both displacement signéll

probably density function of displacement signal is IIl. VARIANCE OF DISPLACEMENT SIGNAL

derived. The position error by the error of displaent

. - Noise, which is inherent to any electronic deviseyne of
signal is analyzed.

the most significant causes of the angle measureensor in
pulsed laser tracking systems. According to Eq. &ty
taking into consideration the equivalent noise sesywe can
Consider a light spot of radiusfalling on a QPD write:
with radiusa as shown in Fig. 1. The position of the (U +U )_ (\7 +V )
photodiode center is at (0,0) and the center of the £ = n ne.
spot at X, y), wherex, andy are displacement X (U +Un)+(\7 +Vn)
positions of the spot center along the X- and Yesax
respectively. Displacement signals depend on t . .

spoﬁ positioyns in t?oth directionsg. These spignatshm njn andV, are the fluctuations af andv, respectively. .
obtained by processing the output currents of foff W€ rearrange the Eq. (3) and assuming that
photodiode quadrants. The normalized displacemektn ¥V, <<U+V we will get:
signalg, in the X direction is: _u-v vU

&y +2—=
_(il +i||)_(i||| +i|v):U_V (1)

Il.  DISPLACEMENT SIGNAL

®)

whereu=U+U_,,v=V+V,_; Uand V are mean values;

'\ _
2" =E, +t&,,. 4)

TT+v (@+v)
x = (il +i, )+ (i Wty ) u+v' The first part of Eq. (4) represents the mean valtighe

G . relative light spot displacement and the secondt par
wher.e.|. Is the current .Of'th quadrantlel, I, 11 an.d represents the random in displacement measuringedaloy
V), ii=CipiPo, wherePs is the total received fluxp is noise. For this measurement errey. , due to the noise of
proportional to the area of the spot falling o#th ) o

quadrant (8p<1), [7 is the responsivity of photodiode, disPlacement signal, we can write:

u andv are the variables which represent signals taken ~ v U - 2u v ©)
pairwise. Similar formula can be obtained for the Y xn (U+\7)2 n (U+\7)2 '
direction.
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As the noise sources in each receiving channel

independent, for the variancer? of the relative
displacement measurement the following is valid:

4v? 402
ol = ——; ———0, (6)
(@+v) (@ +v)
where Uuz and UVZ are the variances of thé, andV,,

respectively ando? = g2 = 2i?

) .
n» where I is the

variance of the noise current in each receivinghoka
Now, Eg. (6) can be rearranged in:

=2 =2
2 _gU *tV o
e (U+\7)4|”

As for U andV, S =U +Vis valid, whereSs is the

)

signal in the summing channel, the variambé of the
relative displacement measurement becomes:

2 QU+ (Ss - U)2

o; = 8—4

Ss

2
s

(8)

The varianceaf, from Eg. (8), has the minimum value

foru=v= SS/2 , SO we can write:
(02) . 4ip _ 1
€ /min Sé SN%

9)

where SNR: is signal-to-noise ratio in the summing

channel.

As it can be seen, the minimal variance of thetiraa

displacement measurement s

achieved whe&)
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areDisplacement signal uncertainty of a PSD with Q&
be estimated from the probability density functioh the
displacement signal in the presence of noise. & baen
assumed that each quadrant of the photodiode demera
Gaussian distribution noise with zero mean valua an

variance af [3]. Thenu andv in Eq. (1) represent total
signals from pair quadrants of the photodiode, wher
u=u+U,,v=v+V,; UandV are mean value$J, and

V, are the fluctuations ofu and v, respectively. The
probability density function of the displacemergrsil (), is
given in [3].

On the base of known theory, in [4] is derived adoibity
density function for the error signal in a form

> —2 2 o >
( 12pz )m{_u +2V2(1p(u2)V)}D
+ & —20E o, (1l—
p 20- p a

2
Eﬁh \/ZZT EB[erf (%)J exp%}

where: p is the correlation between ,&nd V, , 6,°=20,’,
and B is defined as

Qs e)s V- e)- p(a(“ )+ (e -1)]

V2o ,@- p?) 1+ e -2pe)
Equation (11) shows that probability density fuastfpdf) of
error signal is approximately Gaussian. Analysispdf is
given in [3] and [4]. In [4] was shown that the walof p
changes both the maximum and width pff. Maximum
width and minimum amplitude opdf was obtained for
rrelation coefficient equal to zero. That meahs, worst

f(e) =

B =

U=V=S;/2 is valid, i.e. when the light spot centercase for the position error is when noise betweair p

is at the QPD center. The parametdrsand V satisfies
the following inequalities: U< Sy and V< Sg.

Because of that and according to Eq. (8), the makim

value of theg? is achieved wheti =S, and V=0

(or V=S5 and U = 0) is fulfilled, i.e. when the light

spot center is at the measurement span masgisr (
and/ory=tr), so we have:

(o = g (19

guadrants is uncorrelated=0) .
An useful way to find the position error that theean
value pair (,V) substitute with mean value of the error signal

(£€). The mean value of the error signal js:
u-v

E=—— (12)
u+v
Signal-to-noise ratio in the channel sum is
— , =\2
u+v
SNR= % (23)
40,

n

After substituting (12) and (13) in (11) and reagimg

The identical expressions are valid for the maximadquation foiB, for =0, is obtained following expression

standard deviation of estimated displacement atbeg

Y-axis.

As it can be seen, the maximal standard deviation o
measured displacement signaI\@ times bigger than

its minimal value. For us of interest is the miniragor

in positioning and tracking, because in the caserwh
the centers of the light spot and the QPD are neatch

we have a good positioning and tracking.

. ERROR OF DISPLACEMENT SIGNAL

Derived variance, in Eq. (8), of displacement aign

is not useful for analyzing error of displacemeighal
in all its values. The error of displacement signased

u+e)+v(-e)

B =
'\/EO' p ’\/1+ 52 (14)
Vi+ e?
Combining (12) and (13) we can obtain
. )
us+v 1 0
=—SNR1+¢& 15
102 2 R1+£%) (15)

We have simplified this probability density funeti¢11), for
=0, and using an approximation for the complementar
error function erfdx) = exp(- x2)/(V7zx)- The new approximate

probably density function of signal positioning isprobability density function is thus obtained i florm:

derived.

453



16th Telecommunications forum TELFOR 2008 Serbia, Belgrade, November 25-27, 2008.

01 — T T T T T

The relative error of approxmation given in Eg6)1
is less than 0.8% for the worst c&se 0, and small
SNR=5, and decreases rapidly with increasi8iR
From f(¢§) one can calculate the probability that the
value ofefalls in the rang€ —As <<€+ A¢g. The
value ofA¢is usually calculated for probability that the
displacement signal is in the expected range fé&n 50
(CEP - the Circular Error Probability) of all pdsis
signals around the mean displacement signal. Tt
probability is calculated from integral:

'SNR=20dB: 7

Error of displacement signal
o
8

E+De 1% 0007 e
P, = I f (E)dg = T"‘exd— w? )jw, (17) : 'SNR=30dB'
B T ; ; ; N ; : ; ; ;
E-he i 0027 0% 06 w4 02 0 02 04 06 0f 1
where A¢ is defined as the error of the displacemen Mean value of displacement signal
signal, and new variabla,:[(,g_g—)/,/lJr 52} /SNF;Z . Fig. 2. Error of displacement signal as the functbits
o ) o mean value, for 0.5 and SNR=20dB and 30dB.
Substituting Eq. (16) into Eq. (17), after integpat
we obtain in closed form the probability of all pise V. POSITION ERROR

valuese as the function og, £ andSNR . . . .
The position error is obtained from the derivatifethe

displacement signal with respect to The normalized
position error in the direction, for displacement signal given

orf /SNR As +
2 /1+(E+Ag)2 by Eq. (2) is obtained as:

(18) A Ag
vorf| [SNR___ A¢ =X %— 21)
r _ 2
2 1+(z-ne)? 1-(x'r)
whereAc¢ is the error of the displacement signal given ly E
It can be shown, that f@NR>10, the arguments of (20).

'U
I
N

the error functions allow further approximation [@f The normalized position error calculated from Exi.)(and
from Eg. (18) leading to: Eq. (20), as a function of normalized positidn is shown in
Fig. 3.
SNR Ae !
P, =erf . (19) ¢
V1+E8% +Ag?

The relative error of this approximation, in therato
case€ =1, is less than 2.5%. By solving Eq. (19) for
Ae we obtain the error of displacement signal in the

form:
V1+E&?

NNe=—rn ™ (20)
JIsNR2c?)-1

whereC = erfinv(Pp).

As can be seen from Eq. (20), the maximum value ¢
Ag, for any given signal-to-noise ratio if2 times
larger for £ =1 in comparison to the minimum value : : : - : - : : :
for £ =0. The minimum value ofAe is inversely 17 L i i i L
proportional toy SNR, for SNR>> 2C?. The errorof L0806 04 02 002 04 ne 08

displacement signal given in Eq. (20), for constan Position in relative units
probability P=0.5, for two values of SNR, as theFig. 3. Normalized position error as the functiorf o
function of the mean value of displacement sigsal inormalized displacement, for,#0.5 and SNR=20dB and

shown in Fig. 2. 30dB.

Position error in relative units
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The normalized position error depends ®NRand REFERENCES
x/r. The minimum position error is obtained when th¢l] Kazpvsky R. G, ‘fTheory of tracking accuracyla$er systenis
center of the spot is in the center of photodicaled Optical Engineering1983; 22: 339-347.

increases withx /r, for constanSNR From Fig. 3. itis [21 Makynen A, Kostamovaara J, Myllyla R., “Positing

seen that the position error rapidly increaseshet t ~ Resolution of the Position-Sensitive Detectors inigiH
L Background llumination”, |EEE Transactions on
limits of the measurement range=+1.

Instrumentation and Measuremeh§96; 45: 324-326.
[3] Wolfe WL, Zissis G. J.,The Infrared HandbookAnn Arbor,
Michigan: Environmental Research Institute of Mgdm; 1978.
[4] Z. Barbaré, “Position Error of a Laser llluminated Object”,
In this paper the error estimation in measuremént o Scientific Technical Revigwol. LI, No.5-6, Military Institute,
light spot position on a quadrant photodiode is Belgrade, 2002. pp. 25-30.
present_ed._ I_nfluence of electronic noise, as onéhef SADRZAJ
most significant cause of measurement error, was
investigated. It was shown that measurement egor i U radu su dati novi zatvoreni oblici relacija zaogenu
only slightly changed when the light spot center igreske pozicioniranja spota i greSke signala pomicanja za
approaching the measurement span limits. The emor pozicionim  sensitivnim  senzorom, sa kvadrantnom
fotodiodom. Obe greSke rastu sa pomeranjem spdta o

:Egnmﬁss:zeﬁlr:?in;fgagtl:;ngts tﬁeogg) ggnnirsegé_e;;ir centra fotodiode, ali greSka pozicioniranja brzgeaareito
gnt sp : u okolini maksimalnog odstupanja.

result was obtained by both methods — analyzing the
displacement signal by finding its variance and GRESKA POZICIONIRANJA SPOTA NA
analyzing the probability density function of the KVADRANTNOJ EOTODIODI

displacement signal in the presence of noise. .
Z. P. Barbag, A. S. Marirti¢, L.M. Manojlovi¢

VI. SUMMARY
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